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Overview

1 Including correlated observation errors in NWP

2 Using NLA to develop theory for the linear case

3 Reconditioning methods

4 Case study using the Met Office 1D-Var system
Impact of reconditioning on convergence
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Variational data assimilation for numerical weather
prediction

In variational DA, the most likely state of the atmosphere, x minimises the
objective function:

J(x) =
1

2
(x− xb)T B−1(x− xb) +

1

2
(y− h[x])T R−1(y− h[x]). (1)

This measures the goodness of fit to the background/prior and
observations, weighted by their respective error covariances B∈ RN×N and
R∈ Rp×p.

Huge problem: O(109) state variables, O(107) observations multiple
times per day
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Including correlated observation error information has
multiple benefits for NWP

Benefits

Using uncorrelated OEC matrices means we have to thin observations
- this can result in up to 80% of obs being discarded!

Including correlated OEC information allows us to take advantage of
dense observation networks to get high-resolution forecasts.

Neglecting correlations where they are present also limits our skill.

Issues
Correlations typically estimated using sampling methods:

Rank deficient matrices

Extremely small eigenvalues
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How does the variational data assimilation problem
change with introduction of correlated OEC matrices?

The Hessian of the objective function is given by

S = B−1 + HT R−1H. (2)

H is the linearised observation operator, linearised about the optimal
solution.

Can use condition number of the Hessian to investigate speed of
convergence and sensitivity of analysis to perturbations.

κ(S) =
λmax (S)

λmin(S)
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Bounds on κ(S) in the case of correlated observation error

Theorem [T. et al, 2018a]

Let B ∈ RN×N and R ∈ Rp×p, with p < N, be the background and
observation error covariance matrices respectively. Additionally, let H
∈ Rp×N be the observation operator. Then the following bounds are
satisfied by the condition number of the Hessian, S = B−1 + HT R−1H,

max

(
1 + λmax (B)

λmin(R) λmin(HHT )

κ(B)
,
1 + λmax (B)

λmax (R)λmax (HHT )

κ(B)
,

κ(B)

(1 + λmax (B)
λmin(R) λmax (HHT ))

)

≤ κ(S) ≤ (1 +
λmin(B)

λmin(R)
λmax (HHT ))κ(B).

Minimum eigenvalue of R appears in upper and lower bound
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What is reconditioning?

Methods which can be applied to matrices to reduce their condition
number, while retaining underlying matrix structure.

Figure: Illustration of recond methods: original spectrum (black), and spectrum
reconditioned via two different methods. We are interested in ridge regression -
red line - in this talk.
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Recap on covariance vs. correlation, standard deviations

Want to consider how variances and correlations are changed by
reconditioning methods. Let

R = ΣCΣ, (3)

where C is the correlation matrix, and Σ is the diagonal matrix of
standard deviations. We calculate C and Σ via:

Σ(i , i) =
√

R(i , i) (4)

and

C(i , j) =
R(i , j)√

R(i , i)
√

R(j , j)
. (5)
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Ridge regression method

Idea: Add a scalar multiple of identity to R to obtain reconditioned RRR

with κ(RRR) = κmax .

Setting δ

Define δ =
λ1(R)−λp(R)κmax

κmax−1 .

Set RRR = R + δI

We can prove [T. et al, 2019b]:

Standard deviations are increased by using this method.

Absolute value of off-diagonal correlations decreased by this method.
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Case study: Met Office 1D-Var system [T. et al, 2019c]

We study the impact of introducing
correlated observation errors/reconditioning
for IASI instrument in the 1D-Var procedure

Run prior to every 4D-Var/forecast
cycle.

Assimilates 97330 ‘observations’
individually

Used as quality control (reject ob if it
doesn’t converge in 10 iterations)

Also used to fix values for variables that
aren’t assimilated in 4D-Var procedure.

Figure: Estimated IASI OEC
matrix
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Experimental choices of RRR - standard deviations

Figure: Standard deviation for each of the experiment choices
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Experimental choices of RRR - correlations

Figure: Changes to correlation with reconditioning for the correlated experiments
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Reconditioning improves convergence of 1D-Var
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Figure: Number of iterations required to reach convergence of the 1D-Var
minimization as a fraction of the total number of observations common to all
choices of R. Symbols correspond to: 4 = Rdiag , ◦ = Rest , � = R67, ♦ = Rinfl .
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Changes to variables not in 4D-Var state vector are mostly
small for correlated choices of RRR
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Figure: Change to estimates for skin temperature (left), cloud fraction (centre)
and cloud top pressure (right) with reconditioning.
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Altering R also changes the quality control procedure

More observations pass QC when R is correlated. This number
increases with reconditioning. Largest number pass for Rinfl .

For ST, 10 observations with differences > 20K (clearly unrealistic!)

Our QC should be catching these observations.
Although small, can have large effect on 4D-Var.
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Key results from case study

Convergence improves with reconditioning - obtain better
performance than current choice of diagonal matrix

Reducing κmax increases the number of observations that converge in
less than 10 iterations.

The impact to variables that aren’t assimilated in 4D-Var is small for
most observations.

However, some very large (unphysical) changes occur - these are
possibly due to changes in cloud but further work is required.
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Conclusions

We want to include correlated OEC matrices - but there are problems
associated with sampling.

Bounds on κ(S) show that minimum eigenvalue of observation error
covariance is important term.

We study reconditioning methods as way to improve convergence

Tests in the Met Office 1D-Var system show that:

the ridge regression method improves convergence.
the quality control process is altered.
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Theory of the ridge regression method

Effect of RR on standard deviations:

ΣRR = (Σ2 + δIp)1/2. (6)

i.e. variances are increased by the reconditioning constant, δ.

Effect of RR on correlations:

For i 6= j , |CRR(i , j)| < |C(i , j)| (7)

i.e. the magnitude of all off-diagonal correlations is strictly decreased.
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Minimum eigenvalue method

Idea: Fix a threshold, T , below which all eigenvalues of the reconditioned
matrix, RME , are set equal to T to yield κ(RME ) = κmax .

Setting T :

Set λ1(RME ) = λ1(R)

Define T = λ1(R)/κmax .

Set the remaining eigenvalues of RME via

λk (RME ) =

{
λk (R) if λk (R) > T

T if λk (R) ≤ T
. (8)

We define Γ(k, k) = max{T − λi , 0}.

A variant of this method is used at the European Centre for
Medium-Range Weather Forecasts (ECMWF) [Bormann et al, 2016].
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Theory of the minimum eigenvalue method

Effect of ME on standard deviations:

ΣME (i , i) =

(
Σ(i , i)2 +

p∑
k=1

VR(i , k)2Γ(k, k)

)1/2

(9)

This can be bounded by

Σ(i , i) ≤ ΣME (i , i) ≤
(
Σ(i , i)2 + T − λp(R)

)1/2
. (10)

Effect of ME on correlations:
It is not evident how correlation entries are altered in general.
This is due to the fact that the spectrum of R is not altered uniformly by
this method.

Jemima M. Tabeart (UoR) Corr obs err in DA RMetS Sept 2019 22 / 17



Theory of the minimum eigenvalue method

Effect of ME on standard deviations:

ΣME (i , i) =

(
Σ(i , i)2 +

p∑
k=1

VR(i , k)2Γ(k, k)

)1/2

(9)

This can be bounded by

Σ(i , i) ≤ ΣME (i , i) ≤
(
Σ(i , i)2 + T − λp(R)

)1/2
. (10)

Effect of ME on correlations:
It is not evident how correlation entries are altered in general.
This is due to the fact that the spectrum of R is not altered uniformly by
this method.

Jemima M. Tabeart (UoR) Corr obs err in DA RMetS Sept 2019 22 / 17



Theory of the minimum eigenvalue method

Effect of ME on standard deviations:

ΣME (i , i) =

(
Σ(i , i)2 +

p∑
k=1

VR(i , k)2Γ(k, k)

)1/2

(9)

This can be bounded by

Σ(i , i) ≤ ΣME (i , i) ≤
(
Σ(i , i)2 + T − λp(R)

)1/2
. (10)

Effect of ME on correlations:
It is not evident how correlation entries are altered in general.
This is due to the fact that the spectrum of R is not altered uniformly by
this method.

Jemima M. Tabeart (UoR) Corr obs err in DA RMetS Sept 2019 22 / 17



Comparison of both methods

Both methods increase (or maintain) standard deviations

We can show that T − λp(R) < δ which yields:

ΣME (i , i) ≤
(
Σ(i , i)2 + T − λp(R)

)1/2
< (Σ(i , i)2 + δ)1/2 = ΣRR(i , i)

Therefore RR increases standard deviations more than ME
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Impact of reconditioning on κ(S)

Rdiag Rraw R1500 R1000 R500 R67 Rold

max 3.01 × 1012 7.546 × 1011 7.469 × 1011 7.30 × 1011 7.02 × 1011 3.71 × 1011 1.74 × 1011

mean 2.78 × 1010 6.71 × 109 6.62 × 109 6.43 × 109 6.00 × 109 4.01 × 109 2.83 × 109

median 2.09 × 108 1.31 × 108 1.32 × 108 1.33 × 108 1.37 × 108 1.78 × 108 2.89 × 108

Table: Maximum, mean and median values of κ(S) for control and experiments.
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Impact on temperature and humidity

220 240 260 280
Temperature (K) 

 (a)

0

10

20

30

40

M
od
el
 le
ve
l

0 2 4 6 8
Specific humidity (g/kg) 

 (b)

0

5

10

15

20

M
od
el
 le
ve
l

−2 0 2
Tdiag − T67 (K) 

 (c)

1

5

9

13

17

21

25

29

33

37

41

M
od

el
 le

ve
l

2 1 0 1 2
RSD (K)

−0.5 0.0 0.5
qdiag − q67 (g/Kg) 

(d)

2

4

6

8

10

12

14

16

18

20

22

M
od

el
 le

ve
l

0.6 0.2 0 0.2 0.6
RSD (g/Kg)

Figure: Example retrieved profiles of temperature (a) and specific humidity (b),
and differences in retrievals between Ediag and E67 for temperature (c) and
specific humidity (d) for 97330 observations.
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Impact of reconditioning on quality control procedure

Set No. of accepted obs No of obs accepted by both Ediag and Eexp

Rdiag 100686 99039
Rest 100655 99175
R1000 101002 99352
R500 101341 99656
R67 102333 100382
Rinfl 102859 100679

Table: Change to number of accepted observations with reconditioning
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