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SuMMARY

A 10-level primitive equation model suitable for studying the dynamics of fronts and frontal rainfall is
described. The atmosphere is assumed to be hydrostatic and inviscid and the effects of friction and topography
are ignored. Latent heat due to evaporation and condensation is incorporated in the thermodynamic equation.
No distinction is made between the ice and water stage and the atmosphere is assumed to be dry above 300 mb.
The horizontal grid length is 40 km. The results of one 24-hr integration are described in detail.

1. InTRODUCTION

Numerical weather prediction has now reached the stage where forecasts of pressure
patterns on the scale of anticyclones and depressions can be computed for up to three days
ahead. Many National Meteorological Offices produce numerical forecasts which range
in period from 24 to 72 hours and which vary from simple barotropic forecasts to those
based on multi-level baroclinic models. Although some problems remain to be solved, the
standard of these forecasts is as good as, if not better than, those produced by conventional
methods. It is clear that numerical weather prediction can be advanced in two main ways;
by extending the useful period of the forecast and by increasing the amount of detail in the
forecast. This paper describes a numerical experiment designed to investigate atmospheric
disturbances on the scale of fronts. This model has been developed for two main purposes;
the study of the dynamics of fronts and the prediction of frontal rainfall.

Observations from the free atmosphere are available only from aerological sounding
stations. These are separated by distances of at least several hundred kilometres and by
very much greater distances over the oceans. Thus it is not possible to specify the detailed
structure of fronts in the data which are used as the initial conditions for a forecast. It
has been necessary to start the integrations from smooth but realistic fields of motion,
temperature and humidity in the expectation that the characteristic concentration of grad-
ients will develop gradually at the frontal surface if the problem has been properly
formulated.

It is recognized that the quasi-geostrophic formulations of the dynamical equations
become increasingly inaccurate as they are applied to systems with a scale less than 1,000 km.
Ageostrophic motions are clearly very important in the vicinity of fronts and it is desirable
to use the basic first order hydrodynamic and thermodynamic equations applicable to an
inviscid hydrostatic atmosphere. These equations are frequently referred to in the
literature as the primitive equations of motion. Charney (1955), Hinkelmann (1957,
1959) and Smagorinsky (1958, 1963) are among the early workers who demonstrated that
it is possible to use the primitive equations in dynamical meteorology on the synoptic scale,
whereas it had previously been thought that it was necessary to use the quasi-geostrophic
approach in order to filter out unwanted nioise from the equations.
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The empbhasis of the work reported in this paper is on the development of a model
which is sufficiently realistic to give a reasonable estimate of frontal rainfall. The model
should also be simple enough to enable the computation of 24 hr forecasts to be com-
pleted on computers which are likely to be available in the near future in time to be of use
to a practising forecaster. Previous work on the computation of rainfall by the use of
primitive equations, e.g. Manabe, Smagorinsky and Strickler (1965), and Smagorinsky
and Staff Members (1965), has used finite difference schemes with a much longer grid
length than that used in this work, and therefore has not been able to represent realistically
the motion near fronts.

2. THE MODEL
(a) General

The atmosphere is represented by the model at 10 levels in the vertical at 100 mb
intervals from 100 mb to 1,000 mb. Pressure is used as a vertical coordinate, and the hori-
sontal coordinates are taken on a stereographic map projection. The state of the atmos-
phere at a given time is specified in the model by the height h of the pressure surfaces, the
two components of wind u and v at each level and the humidity mixing ratio 7 of each of the
seven 100 mb layers below 300 mb. The atmosphere is assumed to be dry above 300 mb
and no distinction is made between the ice and water stage below 300 mb. The atmosphere
is assumed to be hydrostatic and inviscid and the effects of friction and topography ‘dre
ignored.

Humidity mixing ratio was chosen as the most suitable parameter for the representation
of moisture. Smagorinsky and Collins (1955), Miyakoda (1956) and Manabe et al. (1965)
also worked with this parameter, though their treatment of the precipitation process was
quite different from that used in this model. In contrast, specific humidity was used for the
representation of moisture by Komabayasi, Miyakoda, Aihara, Manabe and Katow (1955)
and Aubert (1957). _

The thermodynamic equation is expressed in terms of the thickness k' of 100 mb
layers. In order to deal with condensation and evaporation effects it is necessary to know
whether or not the air is saturated. The saturated humidity mixing ratio, 7s, of any 100 mb
column is computed by evaluating a quartic polynomial of the thickness of the column.
The coefficients of the polynomials, different for each layer, have been computed by fitting
values of s and h’ obtained from a tephigram to a quartic curve by the method of least
squares. Quartic polynomials were found to give a very good representation of the actual
relationship between s and h’ which is much more complicated arithmetically, and this
good representation extends over a much wider range of thickness than would be observed
in the atmosphere. e

If a column in a layer is not saturated then the humidity mixing ratio is changed by
horizontal and vertical advection and by the evaporation of any water which is falling
into that column from the column above. If the air is saturated and the rate at which
moisture is arriving, both by advection and as liquid water from above, is greater than that

required to keep the air saturated, allowing for changes in the temperature of the column,
then any excess moisture is passed as liquid water into the column in the next layer below.
The latent heat due to evaporation and condensation is included in the thermodynamic
equation. Should, due to truncation or round-off errors, r become negative at a time t,
then r is made zero. The humidity mixing ratio is also made equal to zero if the thickness
of the layer is computed to be so low as to be outside the range for which the empirical
formulae relating 7 to h’ were derived. 2 : '

(b) The basic equations

The motion is assumed to be frictionless and inviscid and the horizontal equations of
motion are used in the form : S
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where m is the map magnification factor sec? (7/4 — 8/2), 8 being the latitude, » = dp/dt
and f is the Coriolis parameter.
The equation of continuity is used in the form

dw | du
-D_p + m v = D_'\,') = 0.

(3)

It is recognized that Eq. (3) ignores the effect of the convergence of the meridians, but this
effect is small in short period forecasts.

If M4 is defined as the rate of transfer of liquid water into a layer from the layer above
and M5 is defined as the rate of transfer of liquid water from a layer into the layer below,
then M, the rate of condensation in the layer, is defined by

M = Mp — My, ; i d A : - 4)

and M will be negative for evaporation. The atmosphere is assumed dry above 300 mb
and M4 = 0 for the layer from 300 to 400 mb.
If r < 75, Or/0t is given by
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The thermodynamic equation can be written as
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where L is the coefficient of latent heat of condensation and y is the ratio of the specific
heats. If r = rs then, substituting from Eq. (4), Egs. (8) and (11) are solved simultaneously
for Mg and dh'/3t. If Mg is negative then Egs. (9) and (10) apply and Eq. (11) has to be
solved for dh'/dt.

The tendency equation, using the hydrostatic approximation and taking the vertical
velocity w = dz/dt = 0 at mean sea-level, since topography is ignored, can be written as
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where the subscript ¢ refers to values at MSL and the subscript 10 refers to values at
1,000 mb. Values of ug and ve were obtained by linear extrapolation from corresponding
values at 900 and 1,000 mb, and values of wg were obtained by extrapolating values of dw/dp
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linearly from 900 and 1,000 mb to MSL and subsequent integration. Eq. (11) gives the rate
of change of thickness of each layer of the model and can be used in conjunction with Eq.
(12) to give the rate of change of the height of each of the pressure surfaces.

(c) Finite difference approximations and boundary conditions

A finite difference scheme is used which is similar to that described by Eliassen (1956).
The essential feature of this scheme is that it is staggered both in time and space. Depen-
dent variables are kept only at alternate horizontal grid points; u is kept at grid points mid-
way between adjacent values of h in the y direction, v is kept between adjacent values of h
in the x direction, and w is evaluated at the central points of a 2 grid length square, which
has a value of h at each of the corners. Values of a dependent variable at odd time steps are
computed at grid points diagonally adjacent to the points at which the variable is known at an
even time step. The horizontal grid consists of 95 x 63 points approximately 40 km apart
and there are 10 levels in the vertical.

There appears to be little virtue in introducing complicated difference schemes in
order to conserve momentum, energy or mass when the integrations are only made for a
24 hr period. Simple three point centred differences are used for the space derivatives,
apart from the vertical derivatives in Egs. (1), (2) and (11) at the top and bottom of the
model. Here, one-sided differences are used except in Eq. (11) at the top of the model.
A one-sided difference is a bad approximation to dh’/2p at 150 mb since the thickness of
100 mb layers is increasing rapidly in this region, the thickness of the 100 mb layer above
100 mb being infinite. It was therefore decided to use a value for ok’ /3p at 150 mb based
on the rcan atmosphere, correcting for the temperature of the layer by taking

oh' bl h’
i e (_) "50, 3 i . : (13)
P 150 op 150, 1CAN h 150, TCAN

When in the non-linear terms a variable or its derivative is required at a grid point at which
it is not available, a simple average is taken of the values at neighbouring grid points at
which the quantity required has been computed. Phillips (1962) showed that Eliassen’s
scheme introduces sufficient smoothing to ensure computational stability. Phillips also
indicated that if a simple centred difference formula is used for the time derivatives, then
the nature of the equations is such that two distinct computational modes are set up, one
for odd and one for even time steps, and computational instability can arise from this. The
following system of integrating with respect to time has been adopted for all variables

dH
g —H: (E') St, - : : : (14)
¢
oH
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where the suffix ¢ relates to any even time step. This process when used in conjunction
with Eliassen’s scheme is computationally stable for the linearized equations providing
8t is sufficiently small, but it must be emphasized that this system of integrating with respect
to time is unstable unless some form of spatial smoothing similar to that implicit in Eliassen’s
scheme is introduced. In order to satisfy the stability criterion for fast moving gravity
waves it is necessary to use a time step of 108 sec, 800 time-steps being necessary for a
24 hr forecast.

The vertical velocity at each level is obtained by integrating Eq. (3) with respect to p
by using the trapezium rule. The boundary condition at 100 mb is taken as

= dw
@00 = 50 T : 3 5 . & will6)

which is consistent with @ = dw/dp = 0 at p = 0, a realistic boundary condition.
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One of the biggest difficulties in this project has been the control of spuriously large
accelerations and divergences near the lateral boundaries. Most of the other workers in
this field have taken the lateral boundaries as streamlines. This is clearly realistic if one is
working on the scale of the hemisphere (Smagorinsky, Manabe and Holloway 1965), or if
one is dealing with an equatorial belt (Shuman and Vanderman 1966), but it is most
unrealistic if one is dealing with a relatively small section of the Northern Hemisphere.
It should be emphasized that one is not so much trying to represent actual events at the
boundary, but rather to prevent rapid amplification of spurious fast-moving waves near the
boundary which would quickly ruin the calculations for the complete area.

It is sufficient to specify the normal component of velocity, the height of the pressure
surfaces, and the humidity mixing ratie on the boundary for all even time steps.

The first calculations were performed, for the sake of simplicity, with these quantities
kept constant with respect to time. These calculations became unstable after about 6
hours forecast time with the rapid amplification of spurious divergences near the boundary,
although elsewhere the divergence patterns were relatively smooth. This fault was cured by
first computing the new wind field inside the boundary, computing the divergence field
where possible using the new wind field and extrapolating linearly this divergence field to the
points one grid length inside the boundary. The normal component of wind on the boun-
dary can then be computed from Eq. (3).

At even time steps the component of acceleration normal to the boundary is computed
from Egs. (1) and (2) at points one grid length inside the boundary. The growth of spurious
accelerations at points of inflow across the boundary can be prevented by ensuring that
these values are no larger than they were at the previous even time step. This can be done
by decreasing the pressure gradient term in Egs. (1) and (2) by reducing the height of the
pressure surface on the boundary by an appropriate amount.

(d) Initial data

The initial data consist of geopotential heights and humidity mixing ratios at the stand-
ard pressure levels, although no moisture parameter is included at levels above 400 mb.
Simple interpolation formulae are used where necessary to obtain geopotential heights at
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Figure 1. Actual Synoptic Situation 0000 emT 1 December 1961.

surface isobars 500 mb CONLOULS = = = = = = =




6 F. H. BUSHBY and M. S. TIMPSON

100 mb intervals from 1,000 mb to 100 mb and humidity mixing ratios at 100 mb intervals
from 950 mb to 350 mb, it being appropriate for the moisture parameter to be carried at
the mid-point of each 100 mb layer. The initial wind fields are assumed to be non-divergent
and are computed from the initial height fields by solving
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Figure 2. Actual Synoptic Situation 1200 eMT 1 December 1961.
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Figure 3. 12 hr Forecast of Synoptic Situation 1200 gMT 1 December 1961.
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at each level. A suitable boundary condition for Eq: (17) is to assume the normal component

Figure 4. Actual Synoptic Situation 0000 emT 2 December 1961,
surface isobars ——————— 500'mb contours = = = = = = = ;

Figure 5. 24 hr Forecast of Synoptic Situation 0000 emt 2 December 1961.
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of velocity to be as nearly geostrophic as possible. This derivation of winds from contour
heights has in effect removed the divergence effect of the Coriolis parameter and map
projection from the geostrophic wind and ensures that the point divergences computed by
simple centred finite differences are zero initially.

3. REesuLts

The results of the 24 hr forecast produced from initial data at 0000 cmT, 1 December
1961 are discussed in this section, these being the only data from which a 24 hr forecast
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Figure 7. Forecast Rate of Rainfall mm/hour 1200 omT 1 December 1961.
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has so far been completed. In the results illustrated in Figs. 1 to 11, the outer 12 boundary
rows of grid points have been excluded. From a synoptic viewpoint the results are, on the
whole, very good. There is good agreement between the forecast and actual surface and
500 mb patterns after 12 hours (Figs. 2 and 3), and this is maintained in the 24 hr forecast
(Figs. 4 and 5).

In particular the position of the centre of the small wave depression which moved across
southern Britain and the associated cold and warm front surface troughs were forecast
with reasonable accuracy. Furthermore the general patterns remained remarkably smooth,

- -
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Figure 8. Present Weather 0000 cMT 2 December 1961.
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. Forecast Rate of Rainfall mm/hour 0000 cumt 2 December 1961.
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although no smoothing other than'that implicit in ‘the finite: difference:scheme has been
introduced into the computation. The deepening of the.wave depression was accurately
forecast but the results show some discrepancies in the values. of the pressure centres, the
computed value of the centre of the wave depression being 3 -mb too-high after 12 hours
and about 3 mb too low after 24 hours. These discrepancies are partly due to a small
amplitude oscillation of about 2 mb with a period of 4 to 5 hours and d-wavelength much

e |
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Flgure 10. Total Ramfall mm observed over the British Isles 0000-2400 amT 1 December 1961
(Irish totals 0600-1800 auT):
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Figure 11. Forecast Total Rainfall mm:0000-2400 vt 1 December 1961.
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greater than the synoptic scale.

forecasts and the effect is possibly due to a gravity wave, However, there has been no
evidence of an increase in the amplitude of this spurious wave and its presence does not
appear to affect the synoptic value of the forecasts.

The computed rates of rainfall for 12 and 24 hours ahead are illustrated in Figs. 7
and 9 respectively, and the total rainfall computed for the 24 hours in Fig. 11. The forecast
patterns were derived from grid points spaced 40 km apart and therefore could not include
the smaller scale patterns and locally large totals of rain, which are evident in the actual
rainfall charts over those areas where the network of rainfall observations was closer than
40 km. All rain falling into a dry layer was immediately evaporated, although in the
atmosphere only a fraction of such rain would evaporate. This, together with the neglect
of friction and topography, which have not yet been included in the model, is likely to
result in the computed rainfall being less than observed.

Figs. 6 and 7 show that the belt of rain associated with the warm front (see Fig. 2)
across southern Ireland, Wales, central and south east England into France, was accurately
predicted in the forecast for 1200 amT 1 December 1961, with moderate rain (defined as
0-5 to 4 mm /hr) falling over England and Wales. The precipitation to the north of the belt
was mainly convective and that over France was drizzle, neither of which was depicted in
the forecast. The eastward movement of the frontal rain is shown in Figs. 8 and 9. By
0000 amt 2 December 1961 the warm front lay across the Netherlands, northern Germany
and Poland, (see Fig. 4), which were the areas where the highest rate of rainfall
was computed to occur. The slight rain over northern France at this time was not forecast,
but the front had by then moved some distance away and it will be seen from Fig. 11 that
the rain was computed to fall over this area during the 24 hr period of the forecast. The
rain observed over all but south and east Britain at 0000 aMT 2 December 1961 was in the
main convective or associated with thunderstorms, and no account of convection has been
included in the model. Some spurious falls were forecast over mid-Atlantic after 24 hours,
but this area was not far removed from the boundary.

Similar oscillations have been detected in 3 other 12 hour
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Figure 12. Area covered by forecast,

showing size of the grid used, and the position of the cross-sections
illustrated in Figs. 13 and 14.




12 F. H. BUSHBY and M. §. TIMPSON

Comparing the actual and forecast totals (Figs. 10 and 11) over the British Isles, the
axis of the forecast area of heaviest rain was displaced somewhat northwards into the
Midlands of England, but the position of the limit of rainfall over Northern Ireland and
northern England was very adequately predicted.
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The frontal characteristics can be studied most satisfactorily from vertical cross-sections
along and normal to the front. Figs. 13 (a) and 13 (b) show vertical cross-sections well
ahead of the small surface wave depression and normal to the warm front at 1200 Mt
1 December 1961 and at 0000 amT 2 December 1961 respectively. The temperature cross-
sections were derived from the mean temperatures for each 100 mb layer computed from
the appropriate 100 mb thickness. As far as can be judged the patterns of vertical motion,
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Figure 13 (b). As Fig. 13 (a) with cross-sections along YZ after 24 hours.
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y mixing ratio are consistent with observed characteristics «

mean temperature cross-sections the slope of the warm fror
would appear to have been of the order of 1 in 50,
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A picture of the development of the vertical velocities along the front is illustrated by
Figs. 14 (a) and (b). The predicted rainfall associated with upward vertical motion from
about the 6 hr forecast was of a scale which was in close agreement with that of the
continuous rain areas taken from the actual charts. The vertical velocities at 1,000 mb
remain acceptably small throughout the computations, but it will be seen that roughness
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Figure 14 (b). As Fig. 14 (a) with cross-sections along CD at the 480th and 560th time steps and along EF at
the 640th, 720th and 800th time steps.
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Figure 15. Typical vertical velocity profiles,
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is becoming apparent in the vertical velocity patterns shown in the cross-sections towards
the end of the forecast period. Although these are unreal, some small-scale features
are necessary to maintain a balance in the atmosphere and it is worth noting that the
larger-scale pattern associated with the warm front wave depression is still reasonably
smooth.

Fig. 15 illustrates some typical vertical velocity profiles. These show that although
quite large vertical motions were generated in the middle and lower layers of the tropo-
sphere, the model limited the vertical motion in the lowest layer to acceptable values.

In order to examine the effect of latent heat in the model, an integration was repeated
from 6 to 12 hours with the latent heat term made zero in the thermodynamic equation,
There was little change in the synoptic pattern but the maximum upward vertical velocities
were reduced to about two-thirds their original values. This implies that the latent heat

released by condensation is Important in obtaining the vertical velocities sufficient to

produce adequate rainfall but is not so important with respect to pressure distributions,

4. CoNcLUSIONS

It is not possible to generalize from the results of one 24 hr forecast, but the results
which have been obtained so far are certainly very encouraging. There is ample evidence
that in this one situation the vertical velocities which have been

There is also
evidence of the development of frontal temperature and humidity discontinuities with
slopes which are comparable with those observed at frontal surfaces.

Much work remains to be done. It is well known that to

pography plays a large part
in the distribution of rainfall over the British Isles, and until topography is included in the

model there must always be discrepancies between observed and predicted rainfall. It is

better not to evaporate all rain that passes into a
prevent the air from becoming supersaturated during a time-step.

All these questions can only be answered by a large number of integrations, each of
which takes several hours on the fastest computers at present available. Suffice to say that
the results obtained so far j ustify the continuation of these numerical experiments.
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